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AUOTKACf 


An  analysis  of  creep  rupture  of  ductile  Material*  subjected  to 
strain  hardening  creep  Is  presented.  The  analysis  is  similar  to  an 
earlier  one  by  Hoff,  but  la  based  on  a  different  generalization  of 
the  primary  creep  rate  relation.  Both  approaches  are  then  intended 
to  tine  hardening  creep.  Simple  approximate  foraalae  for  critical 
timet  are  presented  ana  the  results  of  both  approaches  for  the  two 
types  of  creep  are  compared.  Correlation  with  experimental  data  for 
some  aluminum-copper,  aluminum-magnesium  and  aluminum-zinc  alloys 
shcv3  fairly  good  agreement  of  rupture  times  for  these  very  ductile 
materials.  However,  attempted  correlation  with  data  for  other 
materials  which  do  not  exhibit  such  prominent  ductility  indicates 
that  the  basic  assumption  of  the  analysis,  that  creep  rupture  is 
caused  primarily  by  a  process  of  reduction  of  area,  holds  only  for 
very  ductile  materials. 
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ROTATION  (Cont’d.) 


true  stress 

Initial  applied  stress 

ultimate  stress  of  the  Material  at  test  temperature 


INTRODUCTION 


The  creep  rupture  at  a  tensile  her  of  ductile  msteri&l,  undergoing 
creep  deformations  which  are  governed  elnost  entirely  by  a  steady  state 
creep  law,  was  analyzed  by  Eoff  (Rsf.l).  A  very  simple  approximate 
formula  was  obtained  for  the  critical  time,  which  agreed  well  with 
experimental  data  for  pure  oluminaa  and  some  aluminum  alloys.  However, 
■any  creep  curves,  especially  at  higher  stresses  and  temperatures ,  do 
not  exhibit  the  usual  steady  phase,  but  have  a  longer  priaary  phase 
which  transforms  directly  into  a  tertiary  phase  (see  for  example,  Fig.i , 
replotted  iron  Ref  .2) . 

The  primary  phase  is  usually  considered  tc  oe  governed  by  a  creep 
law  of  the  form 

c  «  (oA)“  ti/p  (1) 

where  <  is  the  engineering  strain,  a  the  applied  stress,  t  the  time 
and  m,x  and  p  are  constants.  For  variable  stress,  Eq.(l)  has  to  be 
co.^aidered  ns  defining  laplicitly  the  strain  rate  as  a  function  of  the 
stress  and  the  strain,  or  as  a  function  of  the  stress  and  the  time 
(fief. 3).  Then,  for  strain,  hardening  creep  behavior,  one  obtains 

t  -  (l/pXa/Jc)8*  c1'5  (2) 

which  is  essentially  the  relation  proposed  much  earlir  by  fivdai  (Scf-M- 

For  t!*e  hardening  behavior,  which  is  sometimes  observed  when 
tine  of  exposure  has  a  more  pronounced  effect  thrui  the  aaount  of  creep 
strain,  a  parallel  relation  for  the  prismry  creep  rate  results 
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RUPTURE  TUC  FOR  STRAIN  HARDENING  CREEP 

For  strain  hardening  creep,  Hoff  (Ref. 5)  obtained  the  creep  rupture 
time  by  assuming  th'^fc  Eq.  (?)  csn  be  generalised  to  hold  for  large 
deformations 


=  (1/P)(®A)mP  «W 


where  o  is  the  true  stress  and  c  .  is  the  natural  strain  defined  by 

nat 

W  «  Hl*€)  (5) 


o  •-  r  (l+e) 
o'  ' 


aQ  being  the  initial  applied  stress 


a  -  P/A 
o  '  o 


Hoff  obtained  a  very  simple  approximate  formula  also  for  strain  harden¬ 
ing  creep,  vhich  becomes,  when  p  is  ar.  integer, 


t,r  “  tp  /(pn )V)(\/a0)1 


Hoff's  generalization  of  the  primary  creep  lav,  Eq. (4),  means  that 
the  same  relation  between  strain  rate,  stress  and  strain  is  assumed  to 
hold  for  the  entire  strain  range  from  primary  creep  to  rupture,  provided 
the  relation  is  expressed  in  natural  strain  and  strain  rate  and  true 
stress.  ?n  the  small  strain  region,  the  natural  strain  practically 
equals  the  engineering  strains  and  Eq.(U)  reduces  to  Eq.(2).  Hence  the 
assumption  implies  identical  constants  in  both  equations. 

However,  since  primary  creep  curves  are  usually  given  only  fur 
small  strains,  another  approach  Is  possible.  Instead  of  the  generali¬ 
zation  propoced  by  Hoff,  the  observed  relation  between  engineering 
strain  rate  and  strain  and  stress,  Eq.(2),  is  assumed  to  hold  only  for 
engineering  strain  rate  and  strain,  but  to  be  valid  also  in  the  region 
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of  large  strains.  The  natural  strain  rate  involved  in  the  calculation 
of  rupture  time  has  then  to  he  related  appropriately  to  the  engineering 
strain  rate  which  appears  in  Eq.(2).  It  is  felt  that  such  an  approach 
gives  one  more  confidence  in  the  use  of  the  primary  creep  constants 
which  are  obtained  from  experiments  at  small  strains. 

In  other  words,  tne  two  approaches  are  two  different  extrapolations 
of  Eq. (2)  to  tbo  region  of  large  strains.  The  actual  applied  stress 
varies,  due  to  the  reduction  in  area,  in  the  same  manner  in  both 
approach*;.,  and  is  represented  by  Eq.(6).  The  extrapolations  differ, 
however,  with  respect  to  strain  and  3train  rate. 

The  analysis  is  an  extension  of  Hoff's  work.  As  in  Refs.  1  and  5, 
a  constant  load  tensile  test  is  considered,  and  the  material  is  assumed 
to  be  incompressible.  The  symbol  R  is  also  introduced  again, 

R  -  1  +  e  (9) 

Hence 

w - *■»  <“> 

and 

o  -  ooR  (11) 

For  strain  hardening  creep  the  strain  rate  is  governed  by  £q.(2), 
c  being  the  creep  strain  (the  total  strain  less  the  initial  elastic 
and  plastic  strain).  Rupture  occurs  at  large  strains,  and  hence  the 
natural  strain  rate  is  required  for  calculation  of  the  time  to  rupture. 
Now,  Eq. (5)  nay  be  rewritten,  on  account  of  Eq.(9)» 

e  nat  =*  1  +  e  =  R  (12) 

or 

c  *  e  1,81  -  1  *  R  -  1  (13) 
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By  differentiating  Eq. (5)  with  aspect  to  time,  cnc  obtains 

Substitution  of  c  from  Eq.  (2),  e  from  Eq.  (13)  and  a  from  Eq.  (i.l) 


into  Eq. (lh)  yields 


dc^  dt  -  (1/p)(o0RA)“L’ 


For  convenience  let 


q  *  p  -  1 

q  (16) 

and  a  *  mp 

Separation  of  variables  of  Eq. (15)  and  integration  yield  the  critical 


rl0u/0°> ,  , 

tcr  «  p(\/o0)8  J  |(R- l)q/RSj  M  (17) 

l  L 

where  a  is  the  ultimate  stress  of  the  material  at  the  teat  temperature. 

For  most  nmterials,  p  may  he  approximated  by  2  or  3.  For  these 
values  the  critical  tine  is  given  by 

t„r  -  2fr/»0)t(-  [l/(2-«)]  [l  •  -  (.A>*i} 

i  (10) 

for  q  *  1  (p  *  2) 

or 

for  q  *  2  (p  *  3)  . 
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For  other  values  of  q  Eq. (17)  can  be  integrated  in  a  similar  manner 
to  yield  similar  expressions  for  t  .  Nov.  since  s  is  generally 
fairly  large,  (c0/au)  and  the  corresponding  higher  powers  of 
t  <°o/°u>  ^  Eqs.(l8)  and  (19)  may  be  neglected  in  conparicon  to  unity, 

-  even  when  oQ  is  not  far  from  au  .  Eqs.(l8)  and  (19)  may  therefore 

!  be  simplified  to 

tcr  “  (Voo)S[2/(8  -2)(s  -i)J  for  p-2  (20) 

and 

fccr  “  for  p  *  3  (2i) 


HUPTUHE  TIME  FOR  TIME  HARDENING  CREEP 

The  analysis  can  readily  be  extended  to  tine  hardening  creep  defined 
by  the  creep  law  of  Eq. (3),  by  both  approaches.  First,  generalization 
of  Eq. (3)  in  the  manner  proposed  by  Hoff  for  strain  hardening  creep 
yields  for  the  natural  strain  rate 

*nat  =  (VpHoA)®  t(l“P)/P  (22) 

With  the  quantities  defined  by  Eqs.(9),  (10),  (ll)  and  (l6)  and  denoting 

(l-p)/p=b  (23) 

one  can  rewrite  Eq. (22)  as 

d*»R/dt  -  (l/p)(ooR/\)m  tb  (2h) 

Separation  of  variables  and  integration  yields 

bcr  *  jj<b  +  (x/ao)"[l  *  (°</<Ju)*]j  ^ 

*  (l/m)P(x/ao)8[l  ’  (oo/au)B]P  (25) 

since 

b  +  1  *  1/p  (26) 


Kow>  lf  °u  >:>  °o 


[x*  wf  * 1  - 


*  1 


(27) 


provided  m  is  sufficiently  large.  As  p  can  be  taken  2  or  3  for  most 
materials  and  a  is  usually  larger  tnan  3,  the  approximation  of  Eq.(27) 
does,  in  general,  not  involve  large  errors.  With  this  approximation 
Eq.(25)  becomes 


tcr  3  (l/ay)(>./oo)S 
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(28) 


However,  it  should  be  noted  that  the  approximation  here  is  inferior  to 
that  employed  in  the  case  of  strain  hardening  creep.  There,  at  most 
(oo/au)?a  3  was  neglected  in  comparison  with  unity,  whereas  in  Eq. (27) 
p(oo/fly)m  is  neglected  in  comparison  with  unity.  Hence  the  error 
implied  by  Eq.  (28)  is  p(c.a/co)Bp"Bl”^  times  as  large  as  that  introduced 
by  the  approximation  leading  to  Eqs. (8)  or  (20)  and  (21). 

In  the  second  approach,  Eq. (3;  is  again  assumed  to  hold  for  the 
engineering  strain  rate  for  both  small  and  large  strains.  With  the 
quantities  defined  by  Eqs. (9),  (10),  (11),  (l6)  and  (23)  and  with 
Eqs.(3)  and  (ih) ,  the  natural  strain  rate  can  be  rewritten  as 

denat/dt  “  0-frK)  tb  (29) 

Separation  of  variables  and  integration  yields  then,  on  account  of 
Eq.(26), 

-  [i/<«  -»]’«./[>  -  (°0/°u>'"'1]P  <*» 

For  ou  »  oq  ,  an  approximate  expression  can  again  be  obtained  for 
the  critical  time  provided  w.  is  sufficiently  large, 

tcr  »  [l/U  -DP](x/ao)8  (31) 

The  accuracy  of  this  approximation  is,  however,  even  lower  than  that  of 
Eq. (28),  cince  here  F(ff0/ou)*”1  is  neglected  in  comparison  with  unity. 
The  error  Introduced  by  gq. (31)  relative  to  .?q.(30)  is  therefore 
(au/oQ)  times  that  introduced  in  Eq.(28). 
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COMPARISON  OF  RUPTURE  TIMES 


It  is  of  interest  to  compare  the  rupture  times  obtained  by  the 
various  approaches.  If  one  compares  the  approximate  formulae  for  the 
critical  tines,  very  simple  relations  are  obtained.  However,  as  the 
approximations  in  these  formulae  are  different,  the  more  exact  formulae 
for  the  rupture  time  have  to  be  employed  in  the  comparison  for  the  low 
values  of  m  ,  when  the  initial,  applied  stress  approaches  the  ultimate 
stress  and  the  approximations  lose  their  validity.  Only  the  simple 
approximate  relations  are  given  below,  hut  the  results  of  computations 
with  the  more  exact  relations  are  also  shown  in  Figs.  2  and  3. 

If  p  denotes  the  relation  of  the  rupture  time  for  strain  harden* 
ing  obtained  by  Hoff  to  that  obtained  by  the  alternative  generalization 
proposed  in  this  paper, 

P*  (s  -l)(s  -  2)/s2  for  p  *  2  (32) 

and 

B  *  (s-l)(s-2)(s-3)/s3  for  p  *  3  (33) 

if  the  approximate  formulae,  Eqs. (8)  and  (20),  (2l)  are  compared. 

Fig.  2  shows  a  plot  of  P  versus  the  primary  creep  index  m  .  For 
two  typical  initial  applied  stress  to  ultimate  stress  ratios,  (°0/°u) 
*0.5  and  (°0/'3u)  *  0.9  ,  the  values  of  P  as  obtained  from  a  com¬ 
parison  of  the  more  exset.  Bq.f59l  of  Ref. 5  and  Eqs.(l8)  and  (19)  are 
elso  shown. 

If  one  comperes  the  results  of  the  two  approaches  for  time  harden¬ 
ing  creep,  the  approximate  formulae  Eqs. (28)  and  (31)  are  related  by 


This  ratio  is  plotted  in  Fig.  3  for  p  *  2  and  p  *  3  .  The  relation 
of  the  more  exact  formulae  Eqs. (25)  and  (30)  is  also  included  for 
(o0/ou)  *  °»5  and  (eo/<>u)  m  0,9  * 
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Figures  2  and  3  show  that  as  the  primary  creep  index  m  increases, 
the  difference  between  the  two  approaches  diminishes  both  for  strain 
hardening  and  time  hardening  creep.  For  low  applied  stresses,  say, 

<JQ  S  0,5  0U  ,  the  noticeable  difference  btween  the  two  approaches, 
predicted  by  the  approximate  relations,  is  verified  by  the  results 
obtained  by  the  more  exact  relations.  When  the  applied  stress  approaches 
the  ultimate  stress,  for  example,  when  cQ  *  0.9  ou  ,  the  difference 
practically  disappears.  This  would  be  expected  since  the  strains  at 
rupture  tend  to  be  small  when  the  applied  stress  approaches  the  ultimate. 

Similar  simple  relations  can  be  obtained  by  comparison  of  the 
approximate  rupture  time  for  strain  hardening  creep  with  that  for  time 
hardening  creep  by  one  of  the  approaches.  For  the  first  approach, 
which  assumes  that  the  primary  creep  relations  hold  for  the  entire 
strain  range  if  expressed  in  natural  strain  rates  and  strains,  the 
rupture  time  for  strain  haruening  creep  divided  by  that  for  time  harden¬ 
ing  creep  yields 


6  *  p!/p P 


(35) 


For  the  second  approach,  which  assumes  the  primary  creep  relations  to 
hold  only  for  engineering  strain  rates  and  strains,  but  to  be  valid  also 
in  regions  of  large  strains,  the  rupture  time  for  strain  hardening  creep 
divided  by  that  for  time  hardening  creep  yields 


avid 


tj  *  (m-l)/(2m-l)  for  p»  2  (.V>) 

tj  »  2(a-l)2/(3m-2)(3m-l)  for  p  *  3  (37) 


However,  these  relations,  2qs.(35),  (36)  and  (37),  are  again  valid  only 
within  the  accuracy  of  the  approximations,  on  account  of  the  considerable 
difference  in  the  error  included  in  the  approximate  formulae. 

The  comparison  shows  chat  the  second  approach  yields  longer  crit¬ 
ical  times  than  the  first  one,  in  both  types  of  creep  deformation.  Also 
time  hardening  creep  will  yield  longer  rupture  times  than  strain 
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hardening  creep  by  both  approaches.  However,  since  the  analysis  is 
basically  a  generalization  of  empirical  primary  creep  laws,  only 
correlation  with  experimental  data  can  determine  the  relative  useful¬ 
ness  of  the  proposed  formulae.  This  is  attempted  in  the  next  section. 
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CORRELATION  WITH  EXPERDdfTAL  DATA  AHD  DISCUSSION 


The  results  of  tests  carried  out  by  Robinson,  Tietz  and  Corn 
(Ref .2)  were  compared  with  the  theoretical  predictions  by  the  two 
approaches  for  strain  hardening  and  time  hardening  creep.  The  test 
materials  were  a  series  of  high  purity  binary  alpha  solid  solutions 
in  aluminum.  Three  groups  of  aluminum  alloys  were  coapared:  copper - 
aluainun  alloys,  magnesium-aluminum  alloys  and  zinc -aluminum  alleys. 

Each  group  Includes  four  alloys  with  different  percentages  of  alloying 
element,  and  all  tests  w era  at  30C°F.  In  Tables  1,  2  and  3  the  pre¬ 
dicted  and  experimental  values  of  the  rupture  times  are  given  for  dif¬ 
ferent  applied  stresses.  The  data  for  the  aagnesium-altuainum  alloys 
are  also  plotted  in  Fig.4. 

To  obtain  a  theoretical  rupture  time,  the  primary  creep  constants 
p,  ■  and  \  hare  first  to  be  found  from  the  creep  curves  of  Ref. 2. 

The  left  hand  portions  of  the  creep  curves  (for  relatively  short  times) 
have  to  he  used  to  find  these  constants,  since  for  loiter  times  the 
curves  include  the  effects  of  the  reduction  in  area.  The  time  index 
P  is  found  from  fcq.(l)  with  a  and  X  constant.  For  the  alloys  of 
Figs.  L-6  of  Ref .2,  the  nearest  integer  for  p  is  2  .  Mow,  from 
short  time  stress-strain  curves  at  300°F,  Figs. 15-17  of  Ref. 2,  the 
initial  strains  are  found,  for  the  ruminal  applied  stresses.  The  total 
strain  less  the  initial  strain  is  the  creep  strain.  The  creep  strains 
at  particular  times  are  plotted  versus  the  corrected  applied  stress 
on  a  log-log  scale  yielding  straight  lines  whose  slope  is  m  .  The 
integer  nearest  to  the  average  value  of  a  obtained  from  about  5  or 
6  of  such  isochronous  lines  is  taken  as  the  appropriate  value.  X  is 
then  found  from  Eq, (l)  with  these  p  and  m  from  about  10  points  and 
averaged. 

In  Tables  1,  2  and  3,  the  rupture  time  for  strain  hardening  creep 

with  Hoff's  generalization  is  denoted  t,  ,  and  that  obtained  with 

•nat 

the  alternative  gene rulizat ion  of  this  paper  tc  .  The  rupture 

"ERG 

times  for  time  hardening  creep  arc  similarly  denoted  t™  -  and  U,w  _  > 

nH,enat  ^H,eKKG 
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respectively.  The  more  exact  formulae,  Eqs.(l8),  (25)  end  (30),  and  an 
expression  which  is  equivalent  to  Eq. (59)  of  Ref. 5,  have  been  used  in 
the  calculation  of  the  rupture  times. 

Fairly  good  agreement  is  found  for  meei,  of  the  tests.  The  rupture 
times  for  time-hardening  creep, with  tne  generalisation  of  the  primary 
creep  law  proposed  in  this  paper, appear  to  be  closest  to  the  experi¬ 
mental  results.  Better  agreement  is  found  for  the  magnesium-aluminium 
and  copper-aluminum  alloys  (except  the  0 . 101$  Cu  alloy  for  which  the 
predictions  are  noticeably  too  loogjthan  for  the  sine -aluminum  alloys. 

It  is  1  iteresting  to  note  that  the  rupture  times  compute  with  the 
assumption  of  strain-hardening  creep  are  rather  conservative  for  mil 
the  test  results  (except  those  for  two  tests  of  0.101%  Cu  A1  alloy). 

It  might  be  added,  that  if  the  plastic  strain  component  is  taken  into 
account  (ftef.6)  the  predicted  rupture  time  is  further  shortened.  Since 
this  effect  would  be  most  rotlceable  at  the  high  applied  stresses,  where 
the  predictions  based  on  time-hardening  creep  often  exceed  the  experi¬ 
mental  rupture  times, it  would  tend  to  improve  the  overall  agreement  of 
the  time -hardening  theory.  It  appears,  therefore,  that  for  the  materials 
compared  here,  a  time-hardening  creep  law  provides  a  realistic  descrip¬ 
tion  of  the  rupture  behavior. 

An  extensive  literature  ser -eh  for  additional  experimental  data  of 
primary  creep  and  rupture  for  ductile  materials  revealed  a  remarkable 
scarcity  of  such  data.  Most  investigators  report  either  details  of 
primary  creep  behavior  or  rupture  times,  but  very  seldom  both.  Since 
only  creep  curves  which  do  not  exhibit  a  significant  steady  phase  are 
suitable  for  comparison  with  the  present  theory,  no  additional  data  was 
found.  However,  through  the  courtesy  of  the  Research  Division  of  High 
IXity  Alloys  Ltd.,  Slough,  England,  creep  curves  for  RR  53  sad  RR  257 
aiuminiun  alloys  (which  are  used  in  the  Anglo-French  supersonic  transport) 
ver-c  obtained  with  records  of  rupture  times  and  corresponding  total 
strains  (P.ef.7).  Some  of  these  curves  had  no  significant  secondary 
pho3c.  Correlation  was  attempted  with  some  of  these  curves,  but  the 
predicted  rupture  times  greatly  exceeded  the  experimental  values  (the 
computed  values  were  50  to  30, OCX)  times  the  experimental  ones).  As  a 
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check  on  the  order  cf  magnitude  of  the  prediction,  the  rupture  times 
were  computed  by  the  steady  creep  analysis  of  Ref.l  (the  steady  creep 
constants  were  obtained  from  approximate  tangents  to  the  central  portion 
of  the  creep  curves).  However,  again  the  predictions  were  many  times 
too  large,  though  to  a  lesser  extent  (6  %o  60  times). 

During  the  literature  search  some  creep  curves  of  suitable  form 
were  encountered,  for  which  rupture  times  fere  also  reported.  However, 
they  represented  materials  which  exhibited  only  small  amounts  of  perma¬ 
nent  deformation  prior  to  fracture,  and  hence  cannot  he  adequately  des¬ 
cribed  oy  the  present  theory.  For  comparison,  correlation  was  attempted 
for  a  typical  case  of  this  group,  a  5)1  molybdenum  steel  at  1020°F 
(Ref .8) .  The  predicted  rupture  times  greatly  exceeded  the  experimental 
values  (by  iKX)  to  500,000  times),  and  a  steady  creep  analysis  produced 
similar  discrepancies  (700  to  3000  times). 

It  may  be  pointed  out  that  "duct ile  theory",  which  assumes  rupture 
by  reduction  of  area,  disagrees  noticeably  with  experiments  also  for 
creep  with  a  predominant  secondary  phase  in  the  case  of  age -hardening 
aluminium  alloys.  For  example,  for  7075  TC  at  375°?  (Ref. 5)  rupture 
times  10  to  20  times  the  experimental  ones  are  predicted. 

Eence  it  is  apparent  that  theories  which  are  based  on  the  premise 
that  rupture  is  caused  primarily  .y  a  necking  process  are  applicable 
to  very  ductile  materials  only  (like  those  tested  ir.  Ref .2  or  the  3003 
and  5052  aluminium  alloys  tested,  in  Ref. 9).  For  other  materials  one  has 
to  turn  to  other  theories  which  try  to  account  for  brittle  or  partly 
brittle  behavior  at  rupture  (see,  for  example.  Refs. 10,  11  or  12). 

It  may  be  observed,  that  the  difference  between  the  rupture  times 
obtained  from  four  different  creep  laws,  is  insignificant  compared  to 
the  difference  between  predicted  and  experimental  values,  except  for  the 
very  ductile  materials  of  Ref .2.  Hence,  the  marked  disagreement  between 
theory  and  experiment  for  the  more  commonly  used  alloys  cannot  be 
attributed  to  inadequacies  ’r.  the  creep  laws,  but  rather  to  the  character 
of  the  rupture  process. 
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TYPICAL  CREEP  CURVE  WITHOUT  SECONDARY  CREEP 
(re plotted  from  Ref. 2) 


COMPARISON  OF  RUPTURE  TINES  FOR  STRAIN  HARDENING  CREEP 
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